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. ■ In this note under a crucial technical assumption we derive a differential 

■^ I equality of Yamabe constant y {g (t)) where g (t) is a solution of the Ricci flow 

Cd ■ on a closed n-manifold. As an application we show that when g (0) is a Yamabe 

metric at time i = and ^^^^ is not a positive eigenvalue of the Laplacian A^^ 

for any Yamabe metric ga in the conformal class [go], then ^L q y (.9 (t)) > 0. 
Here Rg^ is the scalar curvature of ga ■ 
^ ' Recall that the Yamabe constant of a smooth metric g on closed manifold 

\0'. M" is defined by 

S' y{9)^ inf ^ TT^ , (1) 

r^ ' where V and dV is the connection and the volume form of metric g. The 

"y I Euler-Lagrange equation for a minimizer u is 

S 

>4 (n — 1) . , , n + 2 ^ ^ 

.^- ^—-^Au + Rgu = yig)u^^, (2) 

'1-1 ■ / u^^dV= 1. (3) 

Note that the existence of minimizer u follows from the solution of Yamabe 
problem (see jLP for the history). Given a such solution u the metric u^-^g 
is called Yamabe metric and has constant scalar curvature y (g) . The sigma 
invariant of M, which is introduced by Schoen in pT] , is defined by 

a{M)=supy{g) 
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where sup is taken over all smooth metric on M. 

Recall that the subcritical regularization of l^l and ^ is defined by 

\^-:^^u + RgU^yp(g)uP (4) 

j uP+^dV = l, (5) 

J M 

where p £ (1, ^7-^) and y^ (g) is a constant. This is the Eulcr-Lagrange equation 
for the minimizer of the functional 

yp{g)= inf ^ 5 ^ , 

uec^iM).u>o (J^^uP+^dV)^' 

The existence of solution m of Q and ^ follows from the direct method in the 
calculus of variation (see |LPj , for example) . 



Proposition 1 Let g{t) ,t £ [0, T), be a solution of the Ricci flow on closed 
manifold Af". Given ap € (1, ^^35], assume that there is a C^-family of smooth 
functions u{t) > 0, t G [0, T) which satisfy 

"■ '-\(t)u{t)+Rg(t)u{t)=yp{t)u{tY (6) 



n-2 

IM 



U [tf^' dVg^t^ = 1 (7) 



where yp is function of t only. Then 



tM^ 



M 



n-2 '^ -^ ' 'J' (p+l)(n-2) / 



where u — u{t) and i?^ , V, A, i? and dV are the traceless Ricci tensor, the 
Riemann connection, the Laplaician, the scalar curvature and the volume form 
of g (t) respectively. 

Proof. Let ^ = h. Note that 

at 



We compute 






M 



M 



M 



'(»-!) 
n-2 



RijViuVjU + 



HJ V i u, V J 



n-2 



ViuVih dV 



AR + 2 iRcn u^ + 2Ruh 1 dV 



n — 2 



where we have used ^i^^ = 2R,jV^uV.jU + 2V,uVjh, ^ ^ AR + 2 |Rc|^ and 



^ = -RdV. Taking derivative ^ of ®, we have 



;(n-l) 4(n-l) 



A;i+ ('Ai? + 2|Rc|^)u + i?/i 



Muhiplying this by 2m, we get 

^ ^" " "^^-mA/i + 2i?M/i = lilli—ilMi?.^. V.VjM - 2 (aE + 2 |Rc|^) 



n-2 



n-2 



2uP+i + 2pyp (i) uPh. 



Substituting this into the formula for J^3^p {g (i)) we have 



^ypit)= f ^^"^ ^\ ,jV,uVjudV- f (AR + 2\Rc\'^)u'^dV 
dt J ]^.j n — 2 J]^j \ I 



M 



16(n-l) 
n-2 



ui?ijViVjudF + 2p3^p(i) / u^hdV 



M 



4*'«-/, 



n — 2 



Integrating by parts, we obtain 
d ~ . . /■ 8(n- 1) 



di^P^*^^ I -Z 77^R^3y^U^]UdV 



M n-2 
4 (n - 1) 
n-2 



j\/ 



Ai? + 2|Rcn u^dl/ 



/ u^ARdV - -^yp (t) I uP+^RdV 

Jm P+l J M 



M 



n — 2 



where we used 

uRijV i^ jud^ 



M 



M 



L 



uViRViudV - / Ri-jViuVjudV 



M 



M 



'M 



(9) 



and 

/ uPhdV = ^— / uP+^RdV 
Jm P+^ Jm 

which is obtained by taking derivative ^ of {^. 

Next we ehminate 3^p (i) from the right side of ^ . Midtiplying lO by Ru 

and integrating by parts we get 

Jm ri-2 Jm\ n-2 J 

= % (t) I uP+^RdV, 

JM 



hence 



^y„(t)^ f ^^" }^ R,,V^uy,udV+ f 2\Rc\^u'^dV 
dt '^ ' Jm n~2 Jm 

np-2p-3n + 2 f 2 a n , 



ip+l){n~2) JM 
p-1 f /4(n-l) 



Wur + Ru^] RdV. 



P+^ Jm\ n-2 

The proposition follows from plugging Rij = i?? + ^g^ and |Rc| — \R^j | + -^ 
into the equation above. ■ 

Remark 2 (i) When p = ^^ in Proposition[^ let yr^+2 (t) ^y{t). We have 

iyit)^ [ (^^^^RlV..uV,u + 2\Rl\\'-^^^u^AR)dV. (10) 
at Jm \ n — Z n J 

4 
The assumption in the proposition says that u{t)'^^^ g{t) is a C -family of 

smooth metrics which has unit volume and constant scalar curvature y (t) . 

When y {0) is positive, in general it is not clear whether there exists a C^- 

family of smooth functions u (t) satisfying the assumption even for a short time 

iG[0,e). 

(ii) Let g{s) he a smooth family of metrics on M , Anderson proves that if 

there is only one Yamahe metric in the conformal class [g{0)], then there exists 

4 _ 
a family of functions u{s) with small \s\ such that u{s)"~^ 9 (s) 'Is a smooth 

family of smooth metrics which has unit volume and constant scalar curvature 

y (s) (Proposition 2.2 in f^). 

Corollary 3 Let go be a metric of constant scalar curvature on closed manifold 

M" and let g (t) be the solution of Ricci flow with g (0) — go- Assume that — ^ 

is not a positive eigenvalue of the Laplacian A.gg, then 

(i) there is a C^-family of smooth functions u{t) > 0,t G [0, e) for some 

4 
e > with constant u (0) such that u (i) "^^ g (t) has unit volume and constant 

scalar curvature y (t) . 



(ii) -^ y {t) ^ ^ and the equality holds if and only if go is an Einstein 
metric. 

Proof. By Koiso's decomposition theorem (Theorem 4.44 in |B] or Corollary 2.9 
in |E])j there exists a C^-family of smooth functions u{t) > 0, t S [0, e) for some 
e > with constant w(0), which satisfies the assumption of Proposition ^ for 
p = 2±|. It is clear that y (t) — y,^+2 (t) is the scalar curvature of u (i) "-^ g (t). 
Now since Vu (0) = and Ai?g(o) = Oi we have 



di 



i2 



y{t)^2[u{0)r / |i?^,(5(0))| dV>0. 

t=Q JM 



The corollary is proved. ■ 

Note that y (t) in CoroUaryOmay not equal to the Yamabe constant y {g {t)) 

4 

even if go satisfies 3^ (0) = y {g (0)) . If we assume that u (t) "-^ g (t) has unit 
volume and constant scalar curvature yig(t)), we have the following result 
which says that infinitcsimally the Ricci flow will try to increase the Yamabe 
constant. 

Corollary 4 (i) Let go be a metric of constant scalar curvature on closed man- 
ifold Af " and let g (t) be the solution of Ricci flow with g (0) = go. Assume that 
there is a C^ -family of smooth functions u (i) > 0, f G [0, e) for some e > with 

4 

constant u (0) such that u (t) ""^ g (t) has unit volume, constant scalar curvature 
y {g (t)). Then ^L r, y {9 (t)) > and the equality holds if and only if go is an 
Einstein metric. 

(ii) If go further satisfies y (go) — a (Af) , then go must be Einstein metric. 

Remark 5 Propostion J^.J^l in 0' proves a result similar to Corollary 2. On 
p. 126- 127 lS2l Schoen proved Corollary ^fii). When go is a local maximum of 
y restricted on the space of unit volume Yamabe metrics, suppose there are at 
most two Yamabe metrics in the conformal class [go], Anderson proved that go 
is an Einstein metric fj^ Theorem 1.2). His method is closely related to the 
method used here. He computes JjL_o -^ (-9 (^-'■' (^^^ Proposition 2.4 in [^). 

Next we consider manifold M" whose sigma invariant is realized by some 
metric, the assumption is a little different from that of Corollary^ 

Corollary 6 Suppose that the sigma invariant of closed manifold M" is realized 
^y 50j y (go) — cr{M). Let {cja} be set the metrics in the conformal class [go] 
with y {(ja) = cr {M). Assume that for each a, —^ is not a positive eigenvalue 
of the Laplacian Ag^ , then go is an Einstein metric and cja ~ go for all a. 

Proof. It follows from Koiso's decomposition theorem that there exists a C^- 
family of smooth functions Ua (i) > 0, t G [0, £„) for some £„ > with constant 
Ua (0) which satisfies Proposition^for p = ^^. It also follows from the Koiso's 
theorem that {^q} can not have any accumulation point in the space of constant 



scalar curvature metrics and that for at least one g^ we have Ua (t) "^^ ga (t) 
have constant scalar curvature which equals to y {ga (t)) . By Corollary ^ii) ga 
must be Einstein metric. Since conformal class [go] contains an Einstein metric 
and {M,ga) is not round sphere, by Proposition 1.4 in S2 the metric with 
constant scalar curvature in [go] is unique, we get ga = go for all a. ■ 

Remark 7 This work began when P.L. visited NCTS, Hsinchu, Taiwan in Au- 
gust, 2004- We considered the modified Ricci flow 

-^ = -2i?y (.g) - 2V,VjM 

where u{t) is the minimizer of 0j for metric g (t) . When assume u(t) is a 
smooth family we find 



= / ^ ^4 (5) V^SV.S + 2 \Rl (5)1 u^ u^^-gR, dV,. 

This is equivalent to flO\) since there are isometrics between g {t) and g (t). 

We thank Bennett Chow for very helpful discussion and Jiaping Wang for 
very useful suggestion. We thank Boris Botvinnik for his interest in this work. 
P.L. thanks NCTS for the support during his stay there in 2004. 
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